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Abstract. We apply Reilly's formula and Hsiung-Minkowski for- 
mulas to obtain some geometric and analytic results. In the first 
part, we obtain some sharp integral inequalities on a convex hy- 
persurface in space forms and show their rigidities. In the second 
part, we give some sharp lower bounds of the first eigenvalue for 
the Hodge Laplacian acting on differential forms on a hypersurface 
in a Riemannian manifold. We also give some sharp estimates for 
the first nonzero Steklov eigenvalue for differential forms. 



1. Introduction 

Integral formulas have always been an important tool for studying 
various analytical and geometric problems on Riemannian manifolds. 
The Reilly's formula [16] and the Hsiung-Minkowski formulas [10] are 
typical examples that have yielded many classical results. Often, these 
formulas produce some integral identities or inequalities where the van- 
ishing of the integrand produces useful geometric consequences. De- 
spite the simplicity of such an idea, this method achieves many results. 
Let us for example mention the work of Ros |T8] who has combined 
the Reilly and Minkowski formulas to show that a compact embedded 
hypersurface in K n with one of the higher order mean curvatures being 
constant is a sphere. On the analytic side, it is well-known that the first 
non-zero eigenvalue of the Laplacian with respect to various boundary 
conditions gives very important analytic information of a Riemannian 
manifold. Integral formulas is one of the main tools in obtaining various 
eigenvalue estimates. For example, Choi and Wang [3] used the Reilly's 
formula to prove that for a compact orientable minimal hypersurface 
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£ of a compact orientable (N n ,g) with Ricci curvature bounded from 
above by k > 0, the first nonzero eigenvalue of £ satisfies Ai(£) > k/2, 
this is closely related to a conjecture of Yau [26J. 

In this paper, we apply some integral formulas to obtain some geo- 
metric and analytic results. In the first part, using conformal vector 
fields on space forms and applying Reilly's and Hsiung-Minkowski for- 
mulas, we obtain some integral inequalities on a convex hypersurface 
in space forms, and discuss its sharpness. They can be regarded as 
some rigidity results in space forms. Here is an example of our results, 
in which we show a characterization of a convex hypersurface in space 
forms, which is a particular case of Theorem 13.11 and Theorem 13.21 

Theorem 1.1. Let £ be a compact convex hypersurface of W 1 which 
encloses Q 3 O . Suppose £ is circumscribed by the geodesic sphere S ri 
centered at O. Then 



where is the normalized k-th mean curvature o/S and o~q = 1. The 
equality holds if and only if £ is S n . There are analogous results for 
HP and S n . For example, if £ is a convex hypersurface contained in 
the open hemisphere centered at O and ri < tt/2, then 



Here r is the distance from O. The equality holds if and only if £ is 



This generalizes Garay's result [7j that if a convex hypersurface £ in 
W 1 has mean curvature H = {n — l)o~i < n<y ^^°(^ , then £ is the 
sphere of radius r. 

In the second part of this paper, we will apply Reilly's formula to 
obtain some lower bounds for the first nonzero eigenvalue of the Hodge 
Laplacian acting on differential forms on the boundary £ of a Riemann- 
ian manifold (N, g) whose Ricci curvature is bounded from below. Our 
main results, Theorem 14.21 and 14.41 are natural extensions of the results 
of Escobar [1], Xia [23], Wang-Xia [22] and Raulot-Savo [13]. For exam- 
ple, in Theorem 14.41 we extend the results of Xia [23] and Raulot-Savo 
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Theorem 1.2. Let (N n ,g) be a compact orientable Riemannian man- 
ifold with boundary S. Suppose the Bochner curvature W r or W n ~ r on 
N is bounded from below by k > 0. Assume that the lowest q-curvature 
s q o/E is nonnegative, whereq = min{r, n— r}. Then fori <r< n—1, 
we have 

2A~l r = 2A-^ r —i k ~\~ s r s n — r ~\- *\J (^s r s n — r ^ ~\- ( 2s r s n — r k , 

where A' lr (resp. \'{ r ) is the first nonzero eigenvalue of the Hodge 
Laplacian on the exact (resp. co- exact) r -forms on S. The equality can 
hold only when k = 0, with the r -curvatures and the (n — r) -curvatures 
being positive constants. If, furthermore, (N, g) has non-negative Ricci 
curvature, then the equality holds if and only if (N, g) is isometric to 
a Euclidean ball. The condition on Ricci curvature can be removed if 
r = 1 or n — 1. 

The notions W r and s r will be explained in Section HJ Let us just 
mention that when r = 1, s\ is the minimum eigenvalue of the second 
fundamental form of £ and s n _i is the minimum of its mean curva- 
ture, W 1 is just the Ricci curvature and Ai = A" is the first nonzero 
eigenvalue of the Laplacian on functions on S. 

We will also give a sharp lower bound of X[ r in terms of the first 
nonzero Steklov eigenvalues for differential forms, as well as some lower 
and upper bounds for the Steklov eigenvalues in terms of X[ r (Theorem 
I4.4p . It is also interesting to see that when n = 2, a simple extension 
of the result of Hang- Wang [8 J gives an improvement of Choi- Wang's 
result mentioned above. Indeed, we can prove that Ai(E) > k and 
the estimate is sharp (Theorem 14. 5p . It may have some independent 
interest. 

This paper is organized as follows. In Section [2J we set up the no- 
tations and introduce the Reilly and Hsiung-Minkowski formulas. In 
Section [21 we establish some integral inequalities of convex hypersur- 
faces in space forms. In Section HJ we prove the various estimates 
for the Hodge Laplacian eigenvalues and also Steklov eigenvalues for 
differential forms on a manifold with boundary. 

Acknowledgments: The author would like to thank Xu-Qian Fan 
and Luen-Fai Tarn for useful comments, and also Robert Bartnik, 
Pengzi Miao and Gilbert Weinstein for their interest in this article. 
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2. Reilly's formula and Hsiung-Minkowski formulas 

Let us first set up the notations. Throughout this paper, (JV, g) will 
denote an n-dimensional connected oriented Riemannian manifold (n > 
2) (with or without boundary). If N is without boundary then we will 
always denote a closed hypersurface on N by E, otherwise we assume N 
is compact has a smooth compact boundary dN = E. We will denote 
the Levi-Civita connection on N and E by V and V respectively. The 
Laplacian on N and E will be denoted by A and A respectively and 
let Rc be the Ricci curvature of N. We define v to be the unit outward 
normal on E w.r.t. N and A(X, Y) = (V^i/, Y) and H = tvA to be the 
second fundamental form and the mean curvature of E respectively. 

Reilly's formula states that: 

Theorem 2.1. [16J Lei f be a smooth function on N , z = /|s and 
u = ^f. Then 

[ (Af) 2 -\V 2 f\ 2 = [ Rc~(Vf,Vf) + [ 2uAz + Hu 2 + A(Vz,Vz). 

(2.1) 

To state the Hsiung-Minkowski formulas, we define 

Definition 2.1. A vector field X on (N n ,g) is conformal if there is a 
smooth function a on N such that 

C x g = 2ag. 

As C x g(Y, Z) = g(y Y X, Z) + g(Y, V Z X), it is easy to see that a = 
-divX if X is conformal. 



n 



Next, we define the r-th mean curvature of E in N as follows. Suppose 
hi, ■ ■ • , fc n _i are the principal curvatures of E (eigenvalues of the second 
fundamental form A), we define H r by the identity 

n-1 

JJ(1 + kit) =H + Htt + H 2 t 2 + --- + H n ^t n ~\ 

8=1 

We define the normalized r-th mean curvatures to be a r = . . 

( r ) 

We are now ready to state the Hsiung-Minkowski formulas: 

Theorem 2.2. [101 EE] Suppose N n is a space form. Let X be a con- 
formal vector field on N and v be an unit normal vector field of E. 
Then 



I (divX)cr r _x = n I <j r {X,v) 
Jt, Jt, 
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for 1 < r < n — 1. For r = 1,2, this holds with no assumption on N 
being a space form. 

Proof. Let us illustrate the proof for r = 1 for example. Let W be 
the vector field on E defined by Yli=i(X, where {e^Zi is a local 
orthonormal field on E with V ' ei ej{p) = 0, then 

n— 1 n— 1 

divW^) = ]Tv et (X,e,> = ]T(V ei X,e,> + (X,V e ^> 
i=i i=i 

rt— 1 j 

i=i 

= ^— -^divX - (X, u)H. 

n 

The result follows by applying divergence theorem. □ 



3. Some integral inequalities in space forms 

In this section, we first study the conformal vector fields on space 
forms. We then apply Reilly's and Hsiung-Minkowski formulas to de- 
duce some sharp integral inequalities for convex hypersurfaces in space 
forms. 

By rescaling we can assume the curvature of a space form is K = 
0, ±1. We will denote the space forms 

{W n ,dr 2 + r 2 d6 2 ), (W, dr 2 + sinhr 2 d6 2 ) and (§ n , dr 2 + sinrW) 

by N , iV_i and Ni respectively, i.e. N K is a space form of curvature 
K. Here r denotes the distance from a fixed point O in Nk and d6 2 is 
the metric of the standard sphere S n_1 . We define X = V/, where 

{\r 2 on No 

coshr onAU, (3.1) 
— cos r on Ni 

will give a conformal vector field on N K . In fact, if X = V/ then 

C x g = 2V 2 /. 
For f K such defined, direct computation gives 

Vf = fd r and V 2 f = f"g (3.2) 



(3.3) 



and so X is conformal. For later use, we define the functions f' K = 
Sk = S and f K = Ck = C. Equivalently, S and C are the unique 
solution to 

C K + KC K = 0, CV(0) = 1, C' K (0) = 0. 
S K + KS K = 0, S K (0) = 0, S' K (0) = 1. 
From (13.21) . we have 

Lemma 3.1. On Nk, if X is chosen by (13.11) . then 

V V X = C K V and divX = A/ = nCx- 
Thus the Hsiung- Minkowski formulas become 



C K °r-l = / <T r (X,u) (3.4) 

for 1 < r < n — 1 . 

Using (13. 2p . by direct calculations, we have 

Lemma 3.2. On N^, for f chosen by (I3.ip . we have 

(A/) 2 - |VV| 2 - R~c(Vf,Vf) = (n - l)(nC 2 - KS 2 ). 

Lemma 3.3. Suppose Q is a region in N K which has smooth boundary 
dVl, if f is chosen as in (13. ip . then 

2uAz + Hu 2 = (n - 1)(V(/ /2 ), v) - H(X, u) 2 } 

where u = |£ and 2 = 

Proof. We have u = (V/, z/) = (X, v). Let {ej}^~f be an orthonormal 
basis of T P S such that V e .e.,(p) = 0. Then 

n— 1 n— 1 n— 1 

Az(p) = ^e,e i / = ^e i (X,e i ) = ^(V £i X, e,) + (X, V ei e t ) 

i=l i=l i=l 

n-1 



i=l 



= (n-l)f"-Hu. 
The result follows from (13. 2p . □ 

Lemma 3.4. With the notations in Theorem \2.1[ suppose Q is a region 
in Nk which has smooth boundary dQ, if X is chosen as in (13.11) . then 

[ H(X,u) 2 = (n-1) /((n + l)C 2 -l)+ f A{Vz,Vz). 



Proof. Recall S = f and S" = -KS. By the formula A(h(r)) 

S' 
~s' 



h" + (Ar)ti = h" + (n - l)§h', we compute 



\ A(f 2 ) = nC 2 - KS 2 



So by divergence theorem, 

(n - 1) / (V(S 2 ), i/) = (n - 1) / A(S 2 ) = 2(n - 1) / (nC 2 - KS 2 
is Jn Jn 

Therefore by ( 12. II) (Reilly's formula), Lemma [3.21 and Lemma [3.31 
I H(X,u) 2 = (n-1) / (nC 2 -K5 2 )+ / A(Vz,Vz) 



[n 



-1) / ((n + 1)C 2 - 1) + / A(Vz,Vz) 
Jn is 



□ 



We now state our first main result: 



Theorem 3.1. Suppose £ is a compact convex hyper surface (i.e. the 
second fundamental form A > 0) in Nk- Suppose O is in the interior 
QofT,in Nk and B ro C Q C B ri , where B r is the closed geodesic ball 
of radius r centered at O. Then 

(1) ifN K = W 1 , we have 

nVol(fi) < r x Area(£). 

(2) ifN K =M n , we have 

((n + 1) cosh 2 r — 1) < sinh(ri) cosh(ri)Area(S). 

n 

(3) if Nk = S n , and furthermore, £ is contained in the closed hemi- 
sphere centered around O, we have 

I ((n + 1) cos 2 r — 1) < sin(ri) cos(r )Area(£). 
Jn 

In all cases, the equality holds if and only if r = r\ and £ is the 
geodesic sphere of radius r\ centered at O . 

Proof. By [U HH], £ bounds a geodesically convex region, in particular, 
(X,v) = (S K d r ,v)>0. By (E3J), 

/ H(X,u) 2 < [ H{X 1 u)S K {r)<S K {r l ) [ H(X,v) 
is is is ^ ^ 

= {n-l)S K (ri)J C K . 



We have 

Area(E), K = 



J C K I < coshr 1 Area(S), K — —1 . (3.6) 
< cosr Area(£), K = 1 



On the other hand, by Lemma 13.41 

H(X,u) 2 >(n-l) I I )C~ K — I). 



Thus the inequalities in all three cases hold. 

Suppose the equality holds, since L H(X, v) = {n — 1) J E C# > 0, 
from (13. 5p . we have Sk{t) = Sk{ti) if / e Ck > 0. In the case where 
J s = 0, we have K = 1 and r = 7r/2. From this we can easily deduce 
that E is the equator, i.e. the geodesic sphere of radius n/2. □ 

Remark 1. We remark that when Nk = there is no loss of gen- 
erality to assume that £ is contained in a closed hemisphere, since by 
the result of [1], £ is either totally geodesic (i.e. a great hypersphere) 
or is contained in an open hemisphere. 

Using similar techniques, we have 

Theorem 3.2. Let £ be a compact convex hypersurface of which 
encloses Q. If K — 1, we assume that E is contained in the open 
hemisphere centered at O. Suppose B ro C Q C B ri (r\ < n/2 if 
K = 1), where B r is the closed geodesic ball of radius r centered at 
O. Then 



(1) When N = W 1 , then 

nVol(^) < n 2 J a x 

(2) When N = U n , then 

2 f sinh 3 ?-! f sinh 4 r! f 

nV-xiil) < smh n / o x < — / a 2 < — -5 — / cr 3 

J 2 cosh r J 2 cosh z r Jt. 



< r{> I a, < ■■■ < /V" / <Tr>-i. 



sinh n r\ f 

< ■ < w _ 2 / O-n-1- 

cosh r Jt, 



(3) When N = S n , then 



nVMO) < sm n I a x < / a 2 < 5 — / cr 3 

cosri J s cos^r! 

sin™ r\ f 

^ ■ < / °n-\- 

cos ^ ri Jy, 



Here Vk{&) = ~ fn(( n + 1)^1: ~~ ^ n V equality of the above in- 
equalities holds if and only if E is the geodesic sphere S n centered at 
O. 



Proof. Recall H = (n — l)o~i. Lemma [3.41 implies 

a x {X,v) 2 = nVM) + — *— / ANz,Vz) >nVM). 

On the other hand, since (X,v) = SK{r){d r ,v), we have (X, v) 2 < 
S K (ri) 2 . So 



/ a^X^) 2 < S K { n f [ a,. 



We will prove the remaining cases by induction, and let us do it only 
on §™, since the other two cases are similar. The induction step is done 
by observing 

1 / 1 f sin T\ f 

Ok < / o-fccosr = / a k+1 (X,u) < / a k+1 , 

cosrx y s cosri J s cosriJs 



which we have used (13. 4p . 

Suppose any of the equalities holds, then (X, u) 2 = S , ^-(r) 2 (9 r , v) 2 = 
Sk(ti) 2 and hence r = r±, i.e. it is the sphere centered at O with radius 

n. □ 

Remark 2. Recall that o\ = H/(n — 1). When N = M. n , by Theorem 
EJ we have max s H > s^L^i) = "faS^ ■ Thw recovers a 
result due to O. Garay [7] that if £ cK" is convex and 

n(n - l)Vol(fi) 



H < 



r 2 Area(S) 



then E is the sphere of radius r. The condition can also be replaced by 

, n Vol (17) 
0~k _i r k+l. 



r fe+lArea(S) 1 



To state the next result, we need to have a notion of the center of 
mass of £ in Nk- Let O be a fixed point on Nk- We use the following 
models for Nk'- 

N K = {xe R n+1 : (x°, x 1 , ■ ■ ■ , x n ) = (C K (r), S K {r)6), r>0,9e S"" 1 } 
with metric induced from 



i=i 
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We can assume that O = (Ck(0), 0) = (1, 0, • • • ,0). We say that E has 
the center of mass at O if 

x 1 ,--- , x n ) = 0. (3.7) 

With this understood, we have 

Lemma 3.5. Suppose £ is a compact hypersurface in Nk whose center 
of mass is O, then its first non-zero eigenvalue of A satisfies 

x m < Uin-l)-KSl\d^) 

A n 2j J ^ r~^2 ' 

Js °K 

where dj is the tangential component of d r onto TS. 

Proof. By min-max principle [25], we have Ai J s f 2 < f s | V/| 2 if J s / = 
0. In particular, 

X 1 J2f (*r = A, / Sl < f J2 IV^T = / ((n - 1) - K\Vxr) 

(( n _ i) _ ^|VC^| 2 ) 

2 inT|2\ 



/ {{n-l)-KS 2 M 



□ 

Theorem 3.3. For a compact convex hypersurface £ of Nk, assume 
that its center of mass is O if K ^ and it is inside the open hemi- 
sphere centered at O if K = 1, then 

A K (E)maxzH 

Al(s) - nV K (n) ' (3 ' 8) 

where A K {T) = ^ / E ((n - 1) - #Si|^| 2 ) and VJr(O) = J / n ((n + 
1)C^ — 1). The equality holds if and only if S is a geodesic sphere. 

Proof. Note that A and V are independent of the center of mass, so 
we can assume that in all cases, its center of mass is O. By Lemma 

EH 

f HS 2 K > I H(X,u) 2 = n(n-l)V K (P)+ f A{Vz, Vz) > n{n-l)V K {ty. 

On the other hand, by Lemma l3~5l J s < -^^^(E). Therefore 
r n — I 
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The inequality (13. 8 j) follows. If the equality holds, we can proceed as 
in the proof of Theorem 13.11 to show that £ is a geodesic sphere. □ 

Remark 3. In the case where Nk = M™, Theorem \3.3\ implies that if 



AmVoi(fl) 

of O. Garay [7] . 



£ is convex and H < Area(s) > ^ en ^ ^ s a s phere. This is also a result 



4. Applications to eigenvalue estimates 



In this section, we will prove several lower bounds of the first nonzero 
eigenvalue of the Hodge Laplacian on differential forms on the boundary 
£ of a Riemannian manifold (N,g). These results are the natural 
generalizations of some results in [I], [8], [11], [13], [22] and [24J. 

First we set up some notations. Fix ieE and let ki(x), ■ ■ ■ , k n _i(x) 
be the principal curvatures of £ at x w.r.t. the outward unit normal 
v. We define the r-curvatures (not to be confused with the r-th mean 
curvature) to be all the possible sums k^ix) + • • • + k ir (x) where i\ < 
■ ■ ■ < i r . We can assume k\(x) < ■ ■ ■ < k n ^i(x), then we define the 
lowest r-curvature to be 

s r (x) = ki(x) + • • • + k r (x). 

We also define 

s r (S) = mins r (x). 

Note that the second fundamental form is bounded from below by si 
and s n _i(x) = H is the mean curvature. It is easy to see that if I < m, 
j < and that si > implies s m > 0. 

We denote by d and S to be the exterior derivative and its adjoint 
w.r.t. the L 2 inner product on {N,g) respectively. The Hodge Lapla- 
cian A of a p-form on (N, g) is defined by 

Act = —(d5 + 5 d)a 

for a G Q r (N). Our sign is chosen such that A is the second derivative 
for functions on iV = K. Recall the Bochner formula (see e.g. [32] 
p. 218 Theorem 50): 

-Aq = V*Va + W r (a) 

where W r is a self-adjoint endomorphism on Q r (N), which is deter- 
mined by the Riemann curvature tensor on (N,g). This term is some- 
times called the Bochner curvature term. When r = 1, W l = Rc and 
by [6], W r > r(n — r)7 where 7 is the lowest eigenvalue of the curvature 
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operator on (N,g). However, W r > is usually much weaker than the 
curvature operator being nonnegative. 

We define the shape operator S = Vz/ on T£ and define S r : fT(E) — >■ 
JT(E) by 

r 

S r a(X ir -- ,Xr) = ^a(X ls ... ,S(Xj),-" ,X r ). 

3=1 

We also define S* to be zero. For example, if a is a 1-form, then 
S' 1 a(X) = a(S(X)). Observe that S n ~ 1 a = Ha and that the eigenval- 
ues of S r are exactly the r-curvatures of £, therefore 

(S r a, a) > s r (E)|a| 2 . 

We define \' k r (respectively A' fc ' r ) to be the k — th nonzero eigenvalue 
for the exact (respectively co-exact) r-forms on E. By Hodge decom- 
position theorem and Hodge duality (e.g. [23]), we have 

A 1 ,(E) = mm{A' lj ,(S).A'(,.(E)}. 

^l,r(^) = ^l,r+l(^)> 

From this we see that to determine Ai )r , it suffices to determine X' lr 
for 1 < r < LfJ. 

The following formula is the generalization of Reilly's formula to dif- 
ferential forms. 

Theorem 4.1. flTQ Theorem 3) Let a G n r (N), r > I, then 
[ \da\ 2 + \5a\ 2 - \Va\ 2 = [ W r (a,a)-2 [ (i„a,5i*a) + [ B(a,a) 

JN JN JT, JT, 

where the boundary term is given by 

B(a,a) = (S r {i*a),i*a) + (S n ~ r {i**a),i**a). 

Here i : E — >■ N is the inclusion and * : Q r (N) — > Q n ~ r (N) is the 
Hodge star operator on N. We will also denote by d and S the exterior 
derivative and its adjoint on E respectively. 

The classical Reilly's formula (Theorem 12. ip can be recovered by set- 
ting a = df G n\N). 

We now state our first main result in this section. 

Theorem 4.2. Let (N n ,g) be a compact orientable Riemannian man- 
ifold with boundary E. Suppose W r or W n ~ r on N is bounded from 
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below by k > 0. Assume that s q > where q = min{r, n — r}. T/ien 
/or 1 < r < n — 1, we /lave 

2Aj r = 2A-L r _ 1 > A; + s r s n - r + \/ (s r s n _ r ) 2 + 2s r s n — r k. (4-1) 

If the equality holds, then k = 0, the r -curvatures constantly equal s r > 
and the (n — r) -curvatures constantly equal s n _ r > 0. If, furthermore, 
(N, g) has non-negative Ricci curvature, then the equality holds if and 
only if (N, g) is isometric to a Euclidean ball. The condition on Ricci 
curvature can be removed if r = 1 or n — 1 . 



Proof. Note that by Hodge decomposition theorem and Hodge duality, 
A' lr = \" r _ l = A' l n _ r and by flMD below, both W r and W n ~ r are 
bounded from below by k. 

Let be an co-exact (r — 1) eigenform on X with eigenvalue A = 
\'[ r _i = A' lr , i.e. A0 = —5dcj) = — A0. Then uj = d<p is an exact r- 
eigenform with eigenvalue A. By Theorem 2 of [2] (p. 148), there exists 
an (r — l)-form on N such that 5 dip = and 2*0 = on E. Let 
uJ = d(j). Then 

dcJ = Sco = on JV 
i*ZJ = on S. 

Using Reilly's formula on u = d < 



> / -|Vw 

'iV 



2 



H/ r (ci0,rf0)+ / -2^cJ,5w) + (S r (rcJ),riJ) + (S n - r (r*IJ),i**cJ) 



>k \d(j)\ + / — 2X(l„uj } 0) + s r |i*o;| + s n _ r |z**o;| 
'jv is 



/ (0, 5 d 0) + / (i*4>, L u d(j)) + I —2X(L I/ u,(j)) + s r \u\' 2 + s n _ r \i**ui 12 
>N is is 



-(2A-fc) / (0,^cU) 
is 



- -s,. / |d0| 2 + s n _ r / \f* u\ 2 
s 



(4.2) 



The condition s q > implies s n _ r > 0. From the above, as J s (0, ^w) = 
J N \uJ\ 2 > 0, this shows that 2A > k, which proves (14. ip in the case 
where s n _ r = 0. So in the following we can assume s n _ r > 0. 
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As |i**w| 2 = \l u U\ 2 and J s \d(j)\ 2 = f^((j),5d(j)) = A J E \<f)\ 2 , the in- 
equality ( I4.2p becomes 

0> / — (2A — A;)(0, + s r A|0| 2 + s n _ r \i u uJ\ 2 

2 / l \ UfO\2 



A — Ac/2 



n— r 

2 



+ | SrA _L_W| W . (4.3) 



JE V S n _ r J 

As is not identically zero, we conclude that 

(A - k/2) 2 > s r s n - r X = 2cA 
where 2c = s r s n - r . This implies either 

A < c — ^/ c 2 + ck or A > c + Vc 2 + c/c. 

2 - 2 ~ 

In view of (14.2 j) . we conclude that the second case holds, i.e. 
2A > k + s r s n - r + \JJT r 

Suppose the equality holds, then from (14. 21) . VcJ = 0. As u is parallel, 
|oJ| 2 is constant, and as i*ZJ = u, this constant is nonzero, which we 
can assume to be 1. The curvature term W r is given by (see e.g. p2] 
p. 218 Theorem 50): 

1 - — 

W r (u) = ~J20 i -et-R(e i ,e j )u (4.4) 

where {e.,}™ =1 is a local orthonormal frame on N, {0 3 '}™ = i is its dual 
frame and R is the curvature operator on (N,g). Here 9 % ■ a = 6 l A 
a — L e .a is the Clifford multiplication on a differential form a. Since 

= VcJ, we have V uj = and so R(ei, ej)uJ = 0. Therefore from (14.21) 



i n _ 
= & ■ & ■ R{ei,ej)uJ,uJ) = (W r (u),cJ) = k\u\ 



2 



k. 



So we now have A = s r s n _ r > 0. Therefore from (14.31) . 



i,,tu = 6 = s r c 



From this and (14. 2j) . (14. 3p . we see that S r = s r and S" r = s n _ r , i.e. 
the r-curvatures and the (n — r)-curvatures are constants. 
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Now we suppose, furthermore, that Rc > 0. As \u>\ 2 = 1, 
Area(£) = / \oo\ 2 = [ (\oo\ 2 + \l u uj\ 2 ) = / (|#| 2 + |^ZJ| 2 ) 



\\a V \ 2 

S 

2 i I, — |2 

E 

, S r -|- S n — r . / i 1 2 



Ai |0| + \l v uj\ 

) \ \ L i&\ 



On the other hand, by Stokes theorem, 

Vol(JV)= / |#| 2 = / (0,5^0)+ / (i%L v d$)= [ (<j>,L v Uj) 

Jn Jn Jt, Jn 



1 



i v 0J\ 



From these we have 

Area(S) _ 

Vol(iV) ~ Sr + Sn ~ r - 
Recall that we have j < — for I < m, so s r + s„_ r < -^j« n _i + 
- — rSn—i — n -i s n _i . Thus 

n— 1 " 1 n—l a 1 

Area(S) n 
Vol(N) ~ n- l Sn_1 ' 

By [IS] Theorem 1, as i?c > 0, we conclude that (N,g) is isometric to 
a Euclidean ball. 

Using Vx(*a) = *(Vxct) and 6> J • *a = *(8 j - a), we have, by (I4.4p . 

(W r (tJ),cJ) = (W n - r (*tJ),*ZJ). (4.5) 

As W 1 = Rc and k = 0, so the condition i?c > is redundant for r = 1 
or n - 1. Finally, it is well-known that (see e.g. [B]) 

A'^S 71 " 1 ) = r(n-r). (4.6) 

From this it is easy to see that the equality holds on any Euclidean 
ball, with k = 0. □ 

Remark 4. Theorem \4-fy is an extension of Theorem 1 in [21], which 
corresponds to our result when k = and r — 1. 

To state our next result, we need to define the Steklov eigenvalues, as 
follows. Let a 6 f2 r (£), r — 0, • • • , n — 1. Then there exists a unique 
r-form a 6 fT(iV) such that (see e.g. [20J Theorem 3.4.6) 

Aa = on (N,g), 
i*a = a, L u a = on E. 
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We define the Steklov operator T r : ft r (E) -> 1T(E) by 

By [E] Theorem 11, T r is an elliptic nonnegative self-adjoint pseudo- 
differential operator of order one. Thus the eigenvalue problem 

T r a = pa 

has a discrete spectrum 

< Pl, r (N) < P2,r( N ) < ■ ■ 

We will write pk yT for pk t r{N). Here we use the convention in [14J that 
pi >r is the smallest nonnegative eigenvalue of T r . Thus in the classical 
case where r = 0, i.e. for / G C°°(E), / being the unique harmonic 
extension of / to N and 

Tf = T°f = 

the first nonnegative eigenvalue of T is zero, corresponding to the con- 
stant functions on E. So in our convention, p 10 = and ^2,0 is the 
smallest positive eigenvalue, usually called the first Steklov eigenvalue 
of N. We will simply denote p 2 ,o by P2- 

We remark that the first eigenvalue of T r satisfies the min-max prin- 
ciple ([Hj Theorem 11): 

k 



p hr (N) = inf { JNI ri : + <P e Q r (N), i u 4> = }. (4.7) 



When r = 0, we also have the following min-max principle for the 
smallest nonzero Steklov eigenvalue (see for example [9] p. 113): 

P2(N) = P2 , (N) = inf j ^ySp : + 4> e C°°{Nljj>\v = 

(4.8) 

Let us record a Reilly type inequality here, which generalizes [H] 
Theorem 3.1. Recall that Ck, Sk are defined by ( 13. 3j) and E is said to 
have the center of mass at O if (13.71) is satisfied. 



Theorem 4.3. Let T, be a closed hypersurface in the n- dimensional 
space form (Nk, g) and Q be the region bounded by E. Suppose that the 
center of mass of E is O if K ^ 0. T/ien /or k = 1, • • • , n — 1, 

p 2 (0)(/ C*^) 2 ^ / (n-Jf^) / o\. 
jt Jn jt 
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The equality holds for some k if and only if either 07. is identically zero 
or Q is a geodesic ball around O. 

Proof. For all K we can assume that the center of mass is O, i.e. J s x l = 
fori = !,-■■ ,n. By g^D, 



E / ^ E / 



P2 

i=l " ^ i=l 



J|2 



As 



we have 



IVarf + ^|W| 2 = ]T |W| 2 + tfS* , 



n 

t=i i=i 



/'a [ S 2 K = P2 J2 [ (^) 2 < / (n-^|). 
Js i=1 Je 



Multiply the above by J 2 ex 2 ., we have, by Cauchy-Schwarz inequality, 

p 2 ( [ (X,a k u)f<p 2 f Si I a 2 k < f (n-KSl) [ o\. 

The inequality follows by applying the Hsiung-Minkowski formula (Equa- 
tion ( pup ). 

Suppose the equality holds and a k is not identically zero, then x % 
are Steklov eigenfunctions associated to p 2 , thus by Lemma [37T1 Cv = 
Vj,X = p 2 X. But then for any tangential vector V of E, we have 
V(S£) = y(|X| 2 ) = 2(V y X,X) = 2(CV,^> = 0. Thus S K (r) is 

constant and f2 is a geodesic ball of radius r, where ff r\ = —. □ 

Remark 5. By the Hodge-deRham theorem for manifolds with bound- 
ary (\20\ Theorem 2.6.1), any cohomology class of the deRham coho- 
mology space (with real coefficients) H dR (N,d) is uniquely represented 
by~4> E W(N) such that 

d4> = 54> = on N, 
t v (j) = on E. 

We will denote the space of all such <fi by W(N). So from (14. 7J) ; we 
see that pi r is positive if and only ifW(N) = 0. Therefore we are 
interested in only when W(N) = 0. 

By Hodge duality, the relative deRham cohomology space (cf. 
p. 103) H r dR {N,5) is isomorphic to the vector space 

H r R (N) = {0 G Vl r (N) :d0 = 50 = OonN, i*0 = on E}, 
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called the space of Dirichlet harmonic fields. 

Theorem 4.4. Let (N n ,g) be a compact orientable Riemannian man- 
ifold with boundary S. Let r — 1, • • • , n — 1. We assume Pi, r -i is non- 
trivial if r > 1 (corresponding to 'H r ~ 1 (N) = 0). Suppose the Bochner 
curvature W r of N is bounded from below by k, the r-curvatures of S 
are bounded from below by I and s„_ r > 0. Let A = A' lr (X) = A / / r _ 1 (E) 
and let p to be Pi, r -i if r > 1 and P2 = P2,o if r = 1. Then 

(1) We have the following upper bound for p: 

Sn-rP < A - | + ((A - |) 2 - S„_ r /A)5. (4.9) 

(2) Assume I < 0, then we have the following lower bounds for p 
and X: 

Sn-rP > A - ^ - ((A - - s n _ r /A)i (4.10) 

A > Sn ~rP 2 + k P . (4.11) 

- 2p-l K J 



(3) Assume k > and I > 0. We have either 

k 
2 



k 

\>s n - r p+~ (4.12) 



or 

■2 



(4,3) 

provided that it is well-defined. (If X < s n _ r p+ | and s n _ r > ; 
we will show that 2p — I > 0, see also Remark^ ) 

(4) Assume s r > 0, and l-L r R (N) = . Then 

2A > k + s r pi )n _x_ r + s n _ r p. (4.14) 

If r = 1, the condition H^N) = can be replaced by s„_i > 
and k > 0. 

(5) The inequalities (14.101) and (14. lip are actually strict (if I < 0). 
Any of the equality cases in CI4.9[) . (14.131) or (14.141) can hold only 
when k = 0, with the r-curvatures and (n — r)-curvatures both 
being positive constants. 

Suppose (N, g) has non-negative Ricci curvature. Then the 
equality in (14.91) or (14.131) holds if and only ifr>^ + lorr = l, 
and (N, g) is isometric to a Euclidean ball. The condition on 
Ricci curvature can be removed if r = 1. The equality case in 
(14.141) can hold if and only if r = 1, n > 4 and {N,g) is a 
Euclidean ball 
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Proof. Let <f> be an co-exact (r — l)-eigenform on E with eigenvalue 
A = A / 1 / r _ 1 = A' lr , i.e. Acf> = —5d<p = —X(f>. Then uj = d(f> is an exact 
r-eigenform on E and by [20] Lemma 3.4.7, there exists an (r — l)-form 
cj) on N such that 

' -A0=(d5 + 5d)0 = O on N, 
= (p, i*50 = on S. 

By Stokes theorem, 



d8(j)\ 2 = / (5(j),5d5(j)} + (i*5<f>,L v d5<f>) = / (5(f), -55d<f)} = 0. 

iV </iV JT JN 

So we have d5 <p = 5 d<p = 0. Let ZJ = d(p, then cJ is a harmonic field, 
i.e. <icJ = 5uj = 0. 

By applying Reilly's formula (Theorem 14. ip on u = d<f), and following 
exactly the same steps in the proof of Theorem [ 



0> / -|VU| 2 > — (2A - k) \ (<f),i u ZJ) + l\ / |0| 2 + s n _ r / \t v uJ\ 2 . 

JN JT. JT, JT 

(4.15) 

We now prove (JTJ) and (j2J) together. Let us first assume I > 0. As 
u 7^ 0, J s (0, ^cJ) = |cJ| 2 > 0, thus by f)4.15p . we have 

2A - k > 0. (4.16) 

The inequality ( 14. 9 p (and also (I4.10p ) is trivial if s n _ r = 0, so we 
assume s n - r > 0. Let k = 2a, U = (J s |^cj| 2 )2 and Z = (J E |0| 2 ) 5 > 0. 
So by Cauchy Schwarz inequality, 

s n _ r U 2 + l\Z 2 < 2(A -a) J ((f), l u uj) < 2(A - a)UZ. (4.17) 

By completing the square, 

Sn-r% < A - a + ((A - a) 2 - s„_ r /Ai)i (4.18) 

Let us for the time being assume r > 1. We claim that 

L ((f), i v uJ) 

P i,r-i < Js ; , . ; . (4.i9) 

By the Friedrichs decomposition for harmonic fields , as U is exact, 
there is a unique co-exact (r — l)-form <f> on iV such that (see [20] 
Theorem 2.4.8 and its proof): 

dd> = u on N, l„6 = on E. 
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Let 4>' = i*<f>, then as 5(p = 0, 

P',i u u)= [ (dfau) - @,6u) = [ \d4>\ 2 = [ |d0| 2 + |5< 
Jn Jn Jn 



Thus by 



< (4.20) 



On the other hand, we have 



^l v uj)= / \d<P\ 2 = / |d0| 2 = / {^Ljd). (4.21) 



As dcf) = d <j), we also have dtp' = d<ft, so 



A / |0| 2 = / |d0| 2 = / (d<f>',d<f>) = / (4>',6d4>) = \ 

We conclude that </>'—</> _L and thus L |</>'| 2 > L |</>| 2 . Combining this 
with (I4.2ip . (14.201) . we can get (14.191) . By Cauchy Schwarz inequality, 

L((A, iJJS) L \i u tJ\ 2 

Px,r-i < r up ^ u -v ( 422 ) 

which implies 

2 ^ 
Pl.r-1 ^ z2- 

Putting this into (14.181) . we obtain (14~9j) 

s„_ r pi >r ._i < A — a + ((A — a) 2 — s n _ r ZA)2 . (4.23) 

We now claim that this is also true for I < 0. Actually, in this case, by 
( jU5D and fl4^2|) . 

Is\ L M 2 / S I0I 2 

2A — k ^ S n — r —7. — — — - -|- IX— 7. — — — r ^ S n — r pi r—l 



Rearranging, we have 

Sn-rP?^! + fcpi )P _i < (2p 1>r _i - /)A (4.24) 

which implies (14, 9p and (I4.10p (regardless of whether s n - r = 0). Also, 
(14. lip follows immediately from (I4.24p . 

We have completed the proofs of (JTJ and (J2J) except for the case where 
r = 1. For r = 1, the proofs proceed in the same way except we have 
to replace ffl~2"2"|) by 



CJ' 2 



p 2 = P2,o(N) < JL V ui2 ^ rSf -r ( 4 - 25 ) 
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This is true due to the min-max principle for p 2 (Equation (I4.8P ). to- 
gether with the fact that ijd<j>) = Xv(|V0| 2 +0 A0) = J N |V 0| 2 
and/ E 0=-i/ s A0 = O. 

We now prove (EJ). If s n _ r = 0, then (I4.12p becomes A > § which 
is true in view of (I4.16p . We can now assume s n - r > 0. Suppose 
A — | < s n _ r p, then by f)4.9p . we have 

< s n „ r p - (A - -) < ((A - ^) 2 - s„_ r /A)i 

Squaring this inequality gives s n _ r p 2 + kp < (2p — l)X. From this we 
see that p > ~ and (14.121) follows. 

For (HD, we can put I = s r in P~2"j) and using fT4^2l or fT4T23P to obtain 

r |z*zji 2 f \i*w\ 2 

2\-k> s n - r p + s r r s _ = s n _ r p + s r - ^ ' . (4.26) 



7z 



As a; is co-closed and W R (N) = H^ R (N, 5) = 0, it is also co-exact. So 

by [H] Proposition 14, 43 > Pi n -i-r, and ff47T4|) follows. If r = 1, 

A; > and > 0, then by [20] (Theorem 2.6.4, Corollary 2.6.2 and 
Theorem 2.6.1), H R (N) = 0, thus this later condition can be dropped. 

We now prove ([5]). Suppose the equality sign in any of the inequalities 
(Oil . (PUD . fl47TT|) . P~T3D and (O^l holds, then by g^D, W = 0. 
We can then argue as in the proof of Theorem 14.21 that k = 0. 

If any inequality sign of the inequalities P~9l) . (I4.10p . (14. lip or (14. 131) 
becomes an equality sign, then one of the inequalities in (I4.9p or (I4.10p 
is an equality. Assume one of these holds. The inequalities (I4.22p (or 
(I4.25P ) and (14. 2 p then become equations. So we have the r-curvatures 
are constantly equal to s r = I, i v uj = p<p and the (n — r)-curvatures are 
equal to the constant s n _ r . In particular, S n ~ r = s n _ r . 

We now show that A = s n - r s r . To do this we make use of the following 
formulas: 

5i*a = i*Sa + t v V ' u a - S r ~ l (L v a) + Hi v a for a G tt r (N), 
*S r (a) + S™- 1 -^*^) = H * a for a G fi r (S), 

* * a = (-l)( n - 1 - r ) r a foraGfi r (S), 



n 



5a = - L ej V ej a for a G fi r (JV) . 

(4.27) 

Here * : Q r (E) — > fi"~ 1_r (E) is the Hodge star operator on X and 
{ej}™ =1 is a local orthonormal frame on N. The last two formulas are 



22 



standard and are included here just for convenience (e.g. [20] ). For the 
first two formulas, see [32] Section 2 and 6. Using (14.27)) . we compute 

Sdi*<p = 5i*dcj) = 5i*u] 

= i*5u + l v V v u) — £ (t„uJ) + HiJJj 

n 

= ^(X/e^-aJ) - S r -\i u W) + ((-l)^-i) * S n - r (*L u cJ) + S r -\i 

3=1 

= (_l)«(r-l) * S n - r {*L v W) 

This implies 

— + s n _ r p<j) = —(dS + 5d)i*(p + Sn-r-LyU] = —5di*(p + s n - r LyUj = 0. 

As s n „ r p = A ± (A 2 — s n _ r s r \)^, we conclude that —A + A ± (A 2 — 
s n - r s r X)2 = 0, or 

This shows that s r = I > which contradicts the assumption of ([2]), 
thus the inequalities (14. 10p and ( 14. lip must be strict. 

We can now proceed in exactly the same way as the proof of Theorem 
14.21 to show that N must be a Euclidean ball if Rc > 0, which we can 
w.l.o.g. assume to be the standard unit ball B n . But then by [15] 
Corollary 4, 

[ r if r > 2 + i 
p lr _ i m n ) = l 2 ' (4.28) 

1 ; |2±2( r _i) if 2 < r < f + 1. V ; 

As s m (S n_1 ) = m and by (I4.6p . we conclude that if r > 1, the equality 
in ( 143]) or ( fl~TSj) holds if and only if r > f + 1. For r = 1, it is 
well-known that p2,o(M n ) = 1, from this we can also conclude that the 
equality in (14. 9 j) or (14. 13j) holds if and only if iV is a Euclidean ball. 

Suppose the equality in (T4TT4]) holds, then by P~22"|) or (T425D, t„u; = 
p</> and by the same reason as above, the r-curvatures are constantly 
equal to s r , the (n — r)-curvatures are constantly s n _ r , and A = s n - r p. 
In particular, s r ^ in view of (14. 14)) . so from (14.261) . we have 

r _ h\*J\ 2 _ ^k\f _\ 

In view of ( 14. 14[) . we deduce that p = s r . We can then proceed as before 
to conclude that if Rc > 0, then (N, g) is a Euclidean ball. But then by 
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( 14. 6 ft and ( 14.281) . the equality cannot be attained on a Euclidean ball if 
r > 1. If r = 1, then from (14.281) we see that the equality is attained if 
and only if n > 4, on a Euclidean ball. 

□ 

Remark 6. (1) Escobar (\j~>\ Theorem 8) showed that if k > 0, then 
P2,o > ^t, so (I4.13P is well- defined. Also, (14.141) is a generaliza- 
tion [4, Theorem 9] and [TU Theorem 8, Theorem 9]. 



(2) Theorem 4-4 CQ) an extension of (22] Theorem 1.1, in which 
they provided an upper bound for p 2 which corresponds to our 
result when k = and r = 1 . 

(3) We suspect that (14. 13j) holds whenever k > and in this case 
we have 2p > s r > I, but we are unable to show it for the time 
being. 

In [25], Yang and Yau proved that for a compact Riemann surface E 
of genus g, for any metric on E, Ai(E)Area(E) < 8n(l+g). Combining 
this result with Theorem 14.21 and I4.4[ we have several corollaries. Let 
us only state the following: 



Corollary 4.1. If N = S 3 ; then under the assumptions of Theorem \4-2 



we have (2 + s n _xSi + a/ (s„_iSi) 2 + 4s n _iSi)Area(E) < 167r(g + 1). 

Example 4.1. Although the estimate of Theorem \4-2\ is not sharp when 
k ^ 0, r = 1, by examining the case where E is a geodesic circle of 
radius p in a hemisphere (Xi = A' 1 / (E) = 1/ sin 2 (p) y ) ; it is found that 
the error is within 1/2. Indeed, in this case, k = 1, s\ = s n _i = cotp 7 
we have Ai — ~ ( k + s\ + \/s\ + 2s\k) = | esc 2 p — | a/ csc 4 p — 1 < \ . 
The error tends to zero as p — > 0. 

On the other hand, by [5] Example 5, the first nonzero Steklov eigen- 
value of the geodesic ball of radius p in S 2 is computed to be cot p+tan | . 



By direct computations, it is found that the error in Theorem \4-4\ © 
is Ai — 5 2p2-si 2 = t 2-cosp' > w hich is (very) slightly better than that of 



Theorem 4^2 



The following result is another immediate consequence of Theorem 
721 which can be regarded as the analogue of Theorem 2 of Hang- Wang 
[8] (see also [24] Corollary 1). 

Corollary 4.2. Let (N n ,g) be a compact orientable Riemannian man- 
ifold with boundary E. Suppose the Ricci curvature of N is nonneg- 
ative, s r (E)s n _ r (E) > r{n — r) = A / 1 ' r _ 1 (S n_1 ) > \'{ r _ l {T l ) for some 
r = 1, ■ ■ ■ ,n — 1, and W r is nonnegative, then (N,g) is isometric to 
the unit ball in R™. 
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Theorem 14.21 gives a quick proof of the following result, which is the 
K > analogue of Theorem 14.51 

Corollary 4.3. Suppose (N 2 ,g) be a compact surface with (not nec- 
essarily connected) boundary 7 with the Gaussian curvature K > 0. 
If the geodesic curvature k g of 7 satisfies k g > I > 0, then its length 
£(7) — X" ^he e Q ua tity holds if and only if (N,g) is isometric to the 
Euclidean disk of radius 1/7. 

Proof. By Gauss-Bonnet theorem, 2irx{N) = j N K + k g > 0, thus 7 
has only one component. By Theorem 14.21 Ai(7) > I 2 . The equality 
holds if and only if iV is a Euclidean disk of radius l/l. As Ai(7) = 
( I gy) 2 , the result follows. □ 

In [3], Choi and Wang proved that if (N n ,g) is a compact orientable 
manifold whose Ricci curvature is bounded from below by k > and S 
is an embedded orientable minimal hypersurface in N, then Ai(E) > |. 
Since their proof are essentially the same as that of Theorem I4.2[ their 
result can be improved slightly to Ai(S) > |. This is related to Yau's 
conjecture [26]. It is easy to see that the coordinate functions are 
eigenfunctions of a minimal hypersurface of §™ (whose Ricci curvature 
is n — 1) with eigenvalue n— 1. Yau conjectured that the first eigenvalue 
is actually n — 1. Escobar also have a similar conjecture in [I]. 

In the two-dimensional case, an embedded minimal submanifold is 
reduced to a simple closed geodesic, the result of Choi- Wang can be 
improved to Ai > k, by a result of Toponogov [21] on the length of a 
closed geodesic. More generally, we have the following result which is a 
simple extension of the result in [8], which may have some independent 
interest: 

Theorem 4.5. Let (N 2 ,g) be a closed surface with Gaussian curvature 
K > 1. Let ^ be a simple closed curve in N which separates N into 
Ni, N 2 . Suppose its geodesic curvature w.r.t. the outward normal of 
Ni satisfies k g > I > 0. Then its length L(j) < d^m , which is 

equivalent to Ai(7) > 1 + 1 2 (as Xi(j) = (^y) 2 A an d also Area(A ir 2 ) < 
Area(-B r ) ; where B r is the disk of radius r = cot _1 (— /) in the standard 
sphere S 2 . If L{j) = then Aq is isometric to B T _ r . If, moreover, 

Area(A 2 ) = Area(-B r ) ; then (N,g) is S> 2 . The condition for the area 
can be dropped if I = . 

Proof By [8] Theorem 3, we have £(7) < Jj^p - The equality holds 
if and only if (Ni,g) is isometric to the disk B r > C S 2 , r' = cot _1 (/). 
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Therefore if £(7) = 2tc, (Ni,g) is isometric to the standard hemisphere. 
But then k g = 0, thus we can apply the same argument to N 2 to deduce 
that (N,g) is § 2 . In general, if £(7) = ' then by Gauss-Bonnet 
theorem, as N is a topological sphere, 



Area(5 r ) + Area(5 r ') = 4n = 




K + Area(-B r /) 



> Area(A 2 ) + Area( J B r /). 
So if Area(A 2 ) = Area(S r ), then K = 1 on N and so (A, g) is § 2 . □ 
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